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Electronically excited states and transport properties of thermal plasmas:
The reactive thermal conductivity
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The role of excited states in affecting the transport of ionization energy in thermal plasmas in the tempera-
ture range 10000<T<25000 K is discussed by taking into account the dependence of diffusion cross sections
on principal quantum number. The results show a strong effect at high pressure, while compensation effects
reduce the role of excited states at atmospheric pressure. Extension of the results to nonequilibrium situations
is discussed by presenting calculations of effective multicomponent diffusion coefficients. In this case also the
presence of excited states dramatically affects these coefficients.
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I. INTRODUCTION

Many years ago an attempt to describe the dependenc
the reactive thermal conductivity of an atmospheric hyd
gen plasma on the presence of electronically excited st
was presented@1#. The results showed a sort of compensat
between the reactive thermal conductivity obtained by us
‘‘ usual’’ cross sections and ‘‘abnormal’’ ones. For ‘‘usual’’
cross sections we mean cross sections involving exc
states equal to the corresponding ground state cross sec
The ‘‘abnormal’’ cross sections include the dependence
transport cross sections on the principal quantum numben.
The results in both cases were calculated by using the Bu
and Brokaw@2# equation describing the transport of chem
cal enthalpy of a system ofm independent chemical~ioniza-
tion! reactions andn chemical species.

The aim of this paper is to further clarify the proble
extending the results to higher pressures taking into acc
recent and old results for the dependence of diffusion t
collision integrals for the interactions H(n)-H1 and
H(n)-H(m) on principal quantum numbern. These interac-
tions strongly affect the diffusion of ionization energy in th
temperature gradient. To a first approximation the diffus
cross sections for these interactions are given by two tim
the corresponding resonant charge and excitation tran
cross sections, i.e., for the processes

H~n!1H1→H11H~n!,

H~n!1H~m!→H~m!1H~n!.

Resonant charge transfer cross sections, calculated by
ferent authors@3–7#, are essentially in good agreement. Th
show a strong increase of the cross sections as a functio
principal quantum numbern, betweenn3 andn4. This means
that the diffusion of ions in the temperature gradient can
strongly slowed by the collisions with excited states~despite
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their small concentration compared with the ground state
oms! thus decreasing the transport of ionization enthalpy

The aim of this paper is to quantitatively evaluate t
dependence of reactive thermal conductivity on the prese
of excited states for thermal plasmas at different pressu
and temperatures trying also to extend the present resul
nonequilibrium conditions.

The paper is organized in four parts. The first deals w
the equations describing the reactive thermal conductiv
Then a second part follows dedicated to the calculation
diffusion type collision integrals for the interaction
H(n)-H(m) and H(n)-H1. The third part presents the resul
also extending the ideas to nonequilibrium situations. Su
mary and future perspectives are discussed in the Con
sion.

II. METHOD OF CALCULATION AND RESULTS

A. Reactive thermal conductivity

The reactive thermal conductivity which describes t
transport of chemical enthalpy through temperature gradie
represents one of the most important contributions to
total thermal conductivity of a reactive gas@8#. This term can
be calculated by the general theory of the diffusion fluxes@9#
assuming a very compact and simple form under the hyp
esis of local chemical equilibrium along the temperature g
dient. For a system ofm independent chemical~dissociation,
ionization! reactions andn chemical species we can writ
@2,9#

l r52
1

RT2U A11 . . . A1m DH1

A A A

Am1 . . . Amm DHm

DH1 . . . DHm 0

U Y
3U A11 . . . A1m

A A

Am1 . . . Amm

U , ~1!

where
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Ai j 5 (
k51

n21

(
l 5k11

n
RT

Dklp
xkxl S aik

xk
2

ail

xl
D S ajk

xk
2

ajl

xl
D ~2!

andDHi is the variation of enthalpy associated withi th re-
action,p is the total pressure,T is the temperature in kelvin
Di j is the binary diffusion coefficient of thei j pair, xi is the
molar fraction ofi th component in the mixture, andai j is the
stoichiometric coefficient ofj th species in thei th reaction.

This equation is generally simplified by neglecting the
diagonal terms in both numerator and denominator@10#.

We assume as in Ref.@1# the dissociation process~not
important in the considered temperature interval! and ioniza-
tion reactions

H~n!→H11e,

where H(n) is an hydrogen atom with principal quantu
numbern. The equilibrium composition entering in Eq.~1! is
simply obtained by using Saha and Boltzmann laws. First
calculate the equilibrium composition by considering on
four species (H2, H, H1, e) and two reactions~dissociation
and ionization! which take into account the total atomic h
drogen without distinction among the electronic states. T
we use a Boltzmann distribution for calculating the distrib
tion of the electronic states of atomic hydrogen

ni5nT

gi

Z~T!
e2Ei /kBT, ~3!

whereni is the number density ofi th atomic excited state,gi
is the degeneration ofi th atomic excited state,Ei is the en-
ergy of i th atomic excited state,nT is the total number den
sity of atomic hydrogen, andZ(T) is the electronic partition
function of atomic hydrogen. The binary diffusion coef
cientsDi j entering in Eq.~1! are calculated by the resona
charge and excitation exchange cross sections for the in
action H(n)-H1 and H(n)-H(m), and by Coulomb cross sec
tions for H1-e interaction.

B. Diffusion type collision integrals

Cross sections for the process

H~ns!1H~mp!→H~mp!1H~ns!

were calculated by using the following equation@11# for s
2p ~allowed! transitions:

s53.36pm2e2
1

\v
, ~4!

wherey is the relative velocity of colliding atoms, related
collision energy, andm the dipole moment matrix elemen
betweens and p electronic states. Mean excitation transf
cross sections for other kinds of allowed interactionsp
2d, d2 f , f 2g, . . . ) were estimated using a scaling pr
cedure~5!, throughG functions@9#

s1s22p

G1s22p
5

snd2m f

Gnd2m f
, ~5!
01640
f
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G~n,l ;m,l 21!5
1

a0
2 F E

0

`

dr r 3Rn,l Rm,l 21G2

, ~6!

whereR is the radial wave function for atomic hydrogen.
In order to obtain the excitation transfer cross section

the generic process

H~n!1H~m!→H~m!1H~n!,

we have weighted each kind of allowed interaction aris
from the possible values assumed by the orbital quan
number l , with the number of molecular electronic stat
that correlate with specified asymptotic atomic states@12#

sn2m5

(
i

v is i

(
i

v i

. ~7!

Cross sections involving principal quantum numbers up
n511 andm512 were calculated in the@1.0–10.0 eV# en-
ergy range.

A comparison of these results with those calculated
Nakamuraet al. @13# and by Capitelliet al. @14# for the pro-
cesses

H~1s!1H~2s,2p!→H~2s,2p!1H~1s!,

H~1s!1H~3s,3p,3d!→H~3s,3p,3d!1H~1s!

shows a satisfactory agreement. The last results were ca
lated by the PSS~perturbed stationary state! method and the
Firsov approximation by using Heitler-London potentials f
all molecular states correlating with the given asymptote

As suggested by Dalgarno@15#, fitting the cross section
@Å 2# dependence on the relative speedy @cm/s# with relation

sn2m5
1

2
@A2B ln~y!#2, ~8!

we can derive analytic expression of diffusion type collisi
integralV (1,1) @Å 2#, in terms of the constantsA andB @16#.

V (1,1)5
1

p FA 22AB ln~4R!1S B ln~4R!

2 D 2

1
Bz

2
„B ln~4R!22A…1

B 2

4 S p2

6
2 (

n51

2
1

n2
1z2D

1
B
2
„B@ ln~4R!1z#22A…lnS T

M D
1S B

2
lnS T

M D D 2G , ~9!

whereR is the gas constant,z5(n51
2 (1/n)2ḡ, with ḡ Eul-

er’s constant andM is the molecular weight. The temperatu
3-2
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dependence ofV (1,1) in the range@104–2.53104 K# is re-
produced using a logarithmic relation

V (1,1)~T!5a11a2ln~T!. ~10!

A sample of results is reported in Figs. 1~a! and 1~b! while
the a1 , a2 values, for selected processes, are reported
Table I. Note the dramatic increase of collision integrals d
fusion type for the interaction H(n)-H(m5n11) with in-
creasingn as well as the strong decrease of collision integr
for multiquantum transitions (n→m5n12,n13, . . . ). The
temperature dependence of the collision integrals is on
contrary very weak@Fig. 1~b!#.

Diffusion type collision integralsV (1,1) for the process

TABLE I. Fitting coefficients,ai , for diffusion type collision
integrals,V (1,1) @Eq. ~10!# for single quantum transitions.

Interaction a1 a2

H(1)-H(2) 3.7093102 23.1783101

H(2)-H(3) 3.9133103 23.3533102

H(3)-H(4) 1.4603104 21.2513103

H(4)-H(5) 3.8293104 23.2813103

H(5)-H(6) 8.2563104 27.0743103

H(6)-H(7) 1.5683105 21.3443104

H(7)-H(8) 2.7203105 22.3303104

H(8)-H(9) 4.4113105 23.7803104

H(9)-H(10) 6.7853105 25.8143104

H(10)-H(11) 1.0003106 28.5733104

H(11)-H(12) 1.4253106 21.2213105

FIG. 1. ~a! Diffusion-type collision integrals as a function o
n85(221/n2), for different H(n)-H(m) interactions, at T
5104 K; ~b! temperature dependence of collision integrals for
teraction H(1)-H(2).
01640
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-
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H~n!1H1→H11H~n!

calculated by Capitelliet al. @17#, were fitted as a function o
a modified energy scale,n85(221/n2), using the following
analytical expression@18#

V (1,1)5exp„c~T!n80.771exp~15.9n8230.3!…, ~11!

with c(T)53.519T20.027321.
Expression~11! can be used to calculate theV values for

n.5 at different temperatures in the range@104–2.5
3104 K#. The present results are based on the calculatio
resonant charge transfer cross sections performed m
years ago by Capitelli and Ficocelli@6# which in any case are
in satisfactory agreement with corresponding calculations
other authors@3–5,7#. Resonant charge transfer dramatica
increase withn having a dependence betweenn3 andn4.

A sample of diffusion type collision integrals are report
in Figs. 2~a! and 2~b!. They show a dramatic increase wit
the principal quantum numbern, having a weak dependenc
on temperature.

C. Results and discussion

Let us now examine the reactive thermal conductivity
an hydrogen plasma calculated by including the ionizat
reactions involving the first 12 electronic states in the ioni
tion scheme as well as the dissociation reaction@i.e., we
consider m513 independent chemical~1 dissociation, 12
ionizations! reactions andn 5 15 independent chemical spe
cies#. These results will be compared with the correspond
ones obtained by imposing to all excited states the sa

-
FIG. 2. ~a! Diffusion-type collision integrals as a function o

n85(221/n2), for H(n)-H1 interactions, atT5104 K; ~b! tem-
perature dependence of collision integrals for interaction H(4)-H1.
3-3
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collision integrals as the ground state. The last is the us
procedure adopted in the literature.

We start our analysis by considering in Eq.~1! only the
diagonal terms, an approximation which is known to wo
very well for reactive neutral gases. Figure 3 compares
reactive thermal conductivity for an atmospheric hydrog
plasma calculated with the two sets of cross sections~usual
and abnormal!. We can see that in this case the presence
excited states with their own cross sections is such
strongly decrease the reactive thermal conductivity~see also
the relative error curve!.

This behavior disappears atp51 atm when we calculate
Eq. ~1! inserting also the off diagonal terms. In this case~see
Fig. 4! a sort of compensation between diagonal and
diagonal terms arises having as a consequence the pra
coincidence of the two cases. This point confirms the res
of Ref. @1#.

This kind of compensation disappears with increas
pressure~see Figs. 5, and 6!. For the higher pressure exam
ined in the present study~Fig. 6!, using the complete Eq.~1!
and the same number of electronically excited states~again
up ton512), a difference up to factor 2 in the results can
appreciated. This point indicates that the role of electro
cally excited states in affecting the reactive thermal cond
tivity in LTE plasmas cannot be neglected. We should ho
ever point out that the use of the same number of exc
states for different pressures can be open to question.

FIG. 3. Reactive thermal conductivity, by using ‘‘usual’’ ~a! and
‘‘ abnormal’’ ~b! collision integrals atp51 atm, calculated by con
sidering only diagonal terms in Eq.~1!.

FIG. 4. Reactive thermal conductivity and relative error calc
lated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision integrals at
p51 atm.
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should expect infact that the number of excited states to
considered in the relevant equations decreases with incr
ing pressure. To study this point we have calculated the
active thermal conductivity by adding step by step the io
ization reactions in Eq.~1!. We start by considering one
ionization reaction involving only the ground state, i.e.,

H~1!→H11e.

We proceed by inserting two ionization reactions and t
excited states, i.e.,

H~1!→H11e,

H~2!→H11e.

The procedure is repeated up ton512.
Corresponding results have been reported in Figs. 7~a!

and 7~b! and 8~a! and 8~b! for p51 atm and in Figs. 9~a!
and 9~b! and 10~a! and 10~b! for p5100 atm. In all figures
the case~a! refers to ‘‘usual’’ cross sections while case~b!
refers to ‘‘abnormal’’ ones. At p51 atm the results for cas
~a! and ~b! look very similar when we consider the sam
number of ionization reactions and excited states@Figs. 7~a!
and 7~b!#, while strong differences can be appreciated wh
the number of excited states is considered constant~12 lev-
els! in all the considered cases@Figs. 8~a! and 8~b!#. Let us
consider the one ionization case in Figs. 8~a! and 8~b!. In this

-

FIG. 5. Reactive thermal conductivity and relative error calc
lated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision integrals at
p510 atm.

FIG. 6. Reactive thermal conductivity and relative error calc
lated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision integrals at
p5100 atm.
3-4
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FIG. 7. Reactive thermal conductivity as a function of tempe
ture calculated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision
integrals atp51 atm, by considering as many ionization reactio
as excited energy levels.

FIG. 8. Reactive thermal conductivity as a function of tempe
ture calculated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision
integrals atp51 atm, by considering a different number of ioniz
tion reactions and the same number~12! of excited electronic
levels.
01640
-

-

FIG. 9. Reactive thermal conductivity as a function of tempe
ture calculated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! collision
integrals atp5100 atm, by considering as many ionization rea
tions as excited energy levels.

FIG. 10. Reactive thermal conductivity as a function of te
perature calculated by using ‘‘usual’’ ~a! and ‘‘abnormal’’ ~b! colli-
sion integrals atp5100 atm, by considering a different number
ionization reactions and the same number of excited electro
levels.
3-5
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case we consider the first ionization reaction in the prese
of the concentration of 12 excited states 11 of which
considered as inert species. In this case strong difference
observed when using usual or abnormal cross sections.

The situation becomes more complicated atp5100 atm
when the compensation effects between diagonal and
diagonal terms of Eq.~1! becomes weak. We can apprecia
@Figs. 9~a! and 9~b!# a progressive increase of the reacti
thermal conductivity with the increase of the number of io
ization reactions either when we use usual cross section
abnormal ones. In this case we are considering as many
ization reactions as many excited states. The situation
comes dramatic, atp5100 atm, when part of the excite
states is considered as inert species@see Figs. 10~a! and
10~b!#.

Coming back to the results of Figs. 7~a! and 7~b! and 9~a!
and 9~b! we can reinterpret them as a result of a cutoff c
terion to cut the electronic partition function of atomic h
drogen. Keeping in mind the multiciplity of cutoff criteri
@19# we select a very simple and intuitive criterion that o
which includes in the electronic partition function all th
electronic states with radius less than the average dist
between particles. By considering the Bohr radius of el
tronic states we get the following equation

a0nmax
2 5S 1

n8
D 1/3

, ~12!

FIG. 11. Reactive thermal conductivity calculated by usi
‘‘ usual’’ ~a! and ‘‘abnormal’’ ~b! collision integrals at p
5100 atm, with seven ionization reactions.

FIG. 12. Effective diffusion coefficient for H1 in the mixture
as a function of temperature atp51 atm calculated according t
Eq. ~13!.
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where a0 is the Bohr radius of the ground state andn8
5p/kT is the total number density. Application of this equ
tion to p5100 atm and 10000<T<25000 K gives an ap-
proximate value ofnmax57. In Fig. 11 we have reported th
results obtained by inserting in Eq.~1! seven ionization re-
actions and seven excited states. The differences betwee
results obtained with the two sets of cross sections are
duced compared with the 12 ionizations case reaching h
ever a maximum of 40%~see Fig. 11!. The present results
refer to a quasiequilibrium conditions.

Under nonequilibrium conditions the transport of ioniz
tion energy should be proportional to a first approximation
an effective multicomponent diffusion coefficientDi

m given
by the following equation@20#

Di
m5

Mi~12j i !

M̄ (
j 51,j Þ i

n
xj

Di j

, ~13!

whereM̄ is the mixture molar mass,j i is the mass fraction of
i th component, andMi is the molar mass of thei th compo-
nent.

The effective multicomponent diffusion coefficients fo
H1 diffusing in the plasma composed by excited atoms
cluding the ground state and electrons calculated by us

FIG. 13. Effective diffusion coefficient for H1 in the mixture as
a function of temperature atp5100 atm calculated according t
Eq. ~13!.

FIG. 14. Multicomponent diffusion coefficient of the pa
H1-H(1) as a function of temperature atp5100 atm calculated
according to Eq.~14!.
3-6
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Eq. ~13! have been reported as a function of temperature
Figs. 12, and 13 for different pressures and for different
potheses on the diffusion cross sections. Again we obser
dramatic decrease of the effective multicomponent diffus

FIG. 15. Multicomponent diffusion coefficient of the pa
H1-H(5) as a function of temperature atp5100 atm calculated
according to Eq.~14!.
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coefficient when the excited states are considered with t
own cross sections@case~b! in the two figures#. Roughly
speaking the effective multicomponent diffusion coefficie
calculated according to Eq.~13! resembles to some extent t
the calculation of reactive thermal conductivity when the
diagonal terms are disregarded in Eq.~1!.

On the other hand, we can calculate the multicompon
diffusion coefficients of the couplei j in the presence of al
other species. To this end we use the following equation@9#

Di j
m5

1

M j
S (

k
xkMkDK ji 2Kii

uKu
, ~14!

whereKii 50 and

Ki j 5
xi

Di j
1

M j

Mi
(
kÞ i

xk

Dik
, iÞ j . ~15!

uKu is the determinant ofKi j andK ji are the minors:
K ji 5~21! i 1 jU 0 . . . K1,i 21 K1,i 11 . . . K1,n

A A A A

K j 21,1 . . . K j 21,i 21 K j 21,i 11 . . . K j 21,n

K j 11,1 . . . K j 11,i 21 K j 11,i 11 . . . K j 11,n

A A A A

Kn,1 . . . Kn,i 21 Kn,i 11 . . . 0

U . ~16!
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These diffusion coefficients are not symmetric as binary
fusion coefficients and are more specific than binary dif
sion coefficients because they take into account the spe
nature of the relevant mixture.

Figures 14 and 15 report these coefficients as a func
of temperature for the couples H1-H(1) and H1-H(5) at p
5100 atm calculated according to the two sets of cross
tions. We note that the presence of excited states with t
cross sections plays a role for the H1-H(5) multicomponent
diffusion coefficient having a small role for the H1-H(1)
multicomponent diffusion coefficient. This means that t
presence of nondiagonal terms in the multicomponent di
sion coefficients is such to reduce the influence of exc
states on the H1-H(1) multicomponent diffusion coefficient

III. CONCLUSIONS

In the present paper we have shown the role of exc
states in affecting the reactive thermal conductivity of
LTE ~local thermodynamic equilibrium! plasma. The presen
calculations while confirming the compensation effect for
mospheric pressure plasmas@1# show however a strong de
pendence of reactive thermal conductivity on the presenc
-
-
fic

n

c-
ir

-
d

d

-

of

excited states at higher pressures. Moreover the effec
multicomponent diffusion coefficients which can be used
nonequilibrium situations show a dramatic dependence
the presence of excited states. This point should push fur
work for the evaluation of the dependence of the entha
flow under either for nonequilibrium situations@20# or for
multitemperature plasmas@21#.

As a conclusion we can say that the presence of exc
states with their abnormal cross sections can open impor
perspectives in the transport theory of partially ionized gas
Study is now in progress to evaluate the role of excited sta
in affecting the translational thermal conductivity and visco
ity of thermal and nonthermal plasmas. Also in this case
results reported in Ref.@17# should be rediscussed in light o
the recent progress in the cross sections involv
H(n)-H(n) ande-H(n) interactions@22–24#.
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